Numerical Analysis of PDEs F10ND2/F11ND2
Exam 2013 - Solutions

Question 1. [50 Marks total]

(a)

By definition,
Byu(z) = u(z) — u(x — Ax), 82u(r) = u(x + Az) — 2u(z) + u(z — Az);

Expanding u(x £+ Az) in a Taylor series, we have
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as required.

For the BTCS scheme
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so the LTE is given by
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LTE = Lau(z,t) = u; — - it + O(At?) — (um + 1—;umm + O(Ax4)> )

Since u; = u,, from the PDE, and by repeated differentiation uy; = z.., We have after
some simplification
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LTE = — (§At + EAIQ) Ugzze + O(AL?) + O(Ax?),

and hence a = —1/2 and b = —1/12.



We have

Lawi™ =0
= &wﬁ+1 — 6_% n+1
At Az2 7 7
= g = ) = o - 2t ),
= —T(w?jll + w?jfll) +(1+ 2r)w?+1 = w}l,

forj=1,...,J —1and n > 0 where J = 1/Az and r = At/Az?.
Testing for stability, put wj = £"e™J into the scheme to get after cancellation of e’
E(1+2r —re™ —re ™) =1,
SO
E=1/(1+2r —2rcos(w)) = 1/(1 + 4rsin*(w/2)) < 1,

since both r and sin® are positive. Clearly & > 0 for the same reason. So |¢| < 1 for
all » and the scheme is unconditionally stable.

(c) If J =4 and r = 0.5 then Az = 1/4 and At =1/32. We have
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Applying the scheme above for j =1,...,3 gives

w? = [0.5sin(mjAx),7 =0,...,4 =[0 0] = [0, 0.353552,0.5, 0.353552, 0].

2wl — 05wy =0.5/v2=0.353552,
—0.5w; + 2ws — 0.5ws = 0.5,
—0.5wh + 2wl = 0.5/v/2 = 0.353552.



Question 2. [50 Marks totall

(a) The FTCS scheme is
Fy o2

ar = o

At J AZL‘2 J J

N A AN A A
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and the BTCS scheme is
Bt n+1 692c n+1 n—+1
Kt’wj = A_:L‘ij — wj
n+1 n n+1 n+1 n+1
N wi — wj _ (wi 2w +wi s
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Taking the average of these two gives
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multiplying through by At, defining r = At/Ax?, and collecting t,,1 terms on the left

we have

r At r r At r )
-3 ;z+11+<1 +r 4+ 7) w;+1_§wﬁf = §w;?_1+(1 —r— 7) w" +2w]+1, j=1,...,J-1.

(b) when J =2, r =1, then Az = 0.5 At = 0.25 and the above equations become
—0.5w ! + 2125w — 0.5w] ] = 0.5w] | — 0.125w} +0.5uw],,, j=1.
We have w? = [1,2,1].
The equation for the wy are, after taking into account that w) = wd = w} = wj = 1,
2.125w; = 2 — 0.125u?,

ie.,
wy = 0.823529.

(c) Substitute w?, = "™ and simplify in the usual way
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2
(taking out factors e and " )

1. : 1 . .
= (1 + 0.5A)E — 557"(6“" —2+e"™)=1—-05At+ §T(€M —24+e ")



Now ' .
e —2+e ™ =-2(1 - cos(w)) = —4sin®*(w/2)

so the above becomes
(14 0.5A4)¢ + 26 sin®(w/2)r =

1 — 0.5At — 27 sin®(w/2
1+ 0.5At + 2rsin®(w/2

0.5At — 2rsin®(w/2)

==
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)
We need [£] <1 for stability for all w € [—m, 7]. Since £ is clearly real in this case this
means we require —1 < ¢ < 1. Now

14 0.5At 4 2rsin®(w/2) — At — 4rsin*(w/2) At + 4r sin®(w/2)

¢ 1+ 0.5At + 2r sin?(w/2) T 14 05A¢ + 2rsin®(w/2)

so £ is clearly always less than +1. Now consider the inequality £ > —1. This is (on
multiplying through by the denominator)

—1—0.5At — 2rsin®(w/2) < 1 — 0.5At — 2rsin®(w/2)
=-1<1

This last clearly holds for all r. Hence the inequality |[¢| < 1 is always true and the
method is unconditionally stable.



Question 3. [50 Marks totall

(a) The upwind method is

The LTE of the scheme is

u(zj, thy1) — u(w;, ty) au(%‘, tn) — u(xj_1,tn)

At Az

1 1

LTE =

(xjvtn)
1
= (uy + auy) + = (At uy — aAz Uy, ) +O(AL, Az?),
— 2

=0 by PDE

J/

#0 in\g:)neral
hence, the leading term is O(At, Ax) and the method is of first order.

(b) Inserting wi = £me™J into the L-W scheme and simplifying, we get

1 w 1 —iw

§=(1=p") = op(1=p)e + op(1+ p)e
=1+ p*(cosw — 1) —ipsinw
=1-—2p?sin?(w/2) — ipsinw

=1 —2p*sin*(w/2) — 2ipsin(w/2) cos(w/2)
So

€72 =[1- 2p232]2 + 4p*s*c?, where s = sin(w/2), ¢ = cos(w/2)
=14+ 4p?s*(c? — 1) + 4p*s?
=1—4p*(1 —p*)s’

Clearly this is < 1 for all [p| < 1 and > 1 for all |p| > 1, so the scheme is stable if and
only if |p| < 1.

(c) The upwind scheme is only first order in space and time and suffers from numeri-
cal diffusion (artificial viscosity). The Lax-Wendroff scheme is second order accurate
which is better than the upwind scheme and produces less numerical diffusion, but the
numerical solution can contain some oscillations. Both methods are stable for |p| < 1.



Question 4. Inserting the approximation

&
WE

crpr()
k=1
into the functional J[u| we get
1 (SN dewla R
Jlc] = 5/ (Z Ck e ) (Z cxpr(T ) + QZCkf(x)%(fU) dx
0 k=1 k=1
Now minimise over the ¢, for this we require that 0J/0dc; =0, j=1,...,N, so

/0 [d%z kd¢k+¢yzck¢k+f ()¢;(x )] z =0
:>ch/ |:d¢jd¢k+¢j¢k:|dx—|—/f x)¢p;(x)dr =0

= ZCLJ‘JCCk +b; =0, or Ac=-b
k=1

do; d
o= [ [ g ar b= [ s

For the basis functions ¢, (x) shown in the question, these are piecewise linear functions
given by

where

(x —zp—1) /(@) — x2p—1), @1 <2 <1y
ok(z) =9 (Tpp1 — )/ (Tp1 — 2k), T < @ < Tppq
0, otherwise.

Each ¢;(x) is nonzero over only two elements, [z;_1,zx] and [z, 2x11], and takes the value
1at z = xy.
We can now calculate b; easily (f = 1)

1 zj Tj41
b, = / fo; d = / (& — 2j0) /(2 — y1) di + / (& — 2y0) /(&5 — 10) d,
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1(x—wj)°
2 (x; — 1)
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R j41)?
vy, 2 (zj — xj41)

T=x;

since the nodes are equally spaced, z; — z;_; = ;41 — x; = Az. We could have by-passed
the integration process by noting that the integral is just fx the area of a triangle with
height 1 and base 2Ax.

We note that ¢ is a piecewise constant function, in the equally spaced case

1/Ax, xpq <z <xy
o) = —1/Az, z <x < g
0, otherwise.

S



Now consider the matrix element ay, = [[¢).(2)* + ¢x(x)? dz. The integrand is nonzero
over both [xy_1, x| and [zy, 21 1]. Now
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/gbk V2 dr = / AL 2d£+/xk A2 0=
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Now consider ay_15 = [ ¢},_1 (@)@} (x) + ¢r_1(x)¢x(x) dz. The integrand is nonzero only

over [rg_1,zg]. Now
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So finally we have

Ax 1 2 2Ax
A -1 = o T Az’ Qe = Ax + 5 and b, = h.



